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Abstract

Shank's SQUFOF integer factoring algorithm works with
integers which are at most 2+/n. It can be implemented
very efficiently for factoring 62-bit integers in a 32-bit
computer.



Theory of SQUFOF Algorithm

A binary quadratic form (a,b,c) is a polynomial in x and y

fz,y) = az?® + bay + cy?

where a, b, and ¢ are integers.



Quadratic forms and ideals are related to quadratic numbers.

LetD=b2—4ac>O.

—b+ VD
2_||_ | is the quadratic number in Q(v D) associated to the
a

form (a,b,c)

Ideals are used in conceptual proofs.

Quadratic forms are used in computation.



Two quadratic forms f and g are equivalent if there exists an

integer matrix <a b

v ) of determinant equal to 1 such that

g(z,y) = f(ax + By,vx + dy)

=G (53) (525 5) ()

Theorem 1 Equivalence preserves the discriminant D = b2 —4ac.



Primitive and Reduced Quadratic Forms
A quadratic form (a,b,c) is primitive if gcd(a,b,c) = 1.

A quadratic form (a, b, c) of discriminant D > 0 is reduced if

‘\/5—2|a|‘ <b< VD.

Theorem 2 If (a,b,c) is a reduced form, then
1. a and c¢ are of opposite sign.
2. |la| 4 |c| and b are less than V/D.

Theorem 3 A form (a,b,c) is reduced if and only if

‘\/5—2|c|‘ <b< VD.



—b++vD
Theorem 4 Let T = 2_||_ | be the quadratic number associ-
a

ated to the form (a,b,c). (a,b,c) is reduced ifand only if0 < 7 < 1
and its conjugate —o(7) > 1.




Reduction Operator p

Let D > 0 be a discriminant, a = 0 and b are integers.

The reduction operator p is defined as

o(a,b,c) = <c, r(—=b,c), r(=b,c)? - D)
4c
where r(b,a) is the unique integer r satisfying
1. r=b (mod 2a), and
2. if |a| > VD then —|a| < r < |al,
if |a] < VD then v'D —2|a| <r < VD.

The inverse of p is given by

—b,a)2— D
p~t(a,b,c) = (T( @)
4a

, r(=b,a), a)



Reduction of Indefinite Quadratic Forms

while (a, b, c) is not reduced do
(a,b,¢) = p(a,b,c)

Theorem 5 The number of iterations is at most 2 + {Iog ﬁw

75|

Theorem 6 If (a,b,c) is a reduced form then p(a,b,c) is also a
reduced form.

Theorem 7 The reduced forms equivalent to (a,b,c) are exactly
the forms p"(a,b,c) for sufficiently large k.



Composition of Forms
The composition of forms come from the product of ideals.

Let (aq,b1,¢1) and (an, by, cn) be two forms of the same discrim-
inant D, s = (bl +b5)/2, t = (b1 — b3)/2.

Let u, v, w, and d be such that ua1+wvar4+ws = d = gcd(ay, an, s),
do = gcd(d, c1,co,t).

The composition of (a1,b1,c1) and (as, by, cr) is defined as

2a5(v(s — bs) — weo) b% — D
d " da3z |

doaiaz
(a3,b3,c3) = (d—Q, bo +

If gcd(a,b) = 1 then (a,b,c)? = <a27 b, E)
a



Ambiguous Forms

A quadratic form (a,b,c) for discriminant D is ambiguous if
(a,b,¢)? = (1,z,y) mod M

for some integers x and y, where [ = {( Cl) 7717’ )‘m S Z}.

If (a,b,c) is ambiguous then a | b, which implies that
D = b° — 4ac = (ka)? — 4ac = a(k?a — 4c).

Therefore, a is a factor of D.



Find an Ambiguous Form

. . b2 — D
Start from the identity form f = (1, b, 7 :

Find a form g = (22, vy, 2) by repeatedly applying the p function,
i.e., compute p(f), p?(f),....p"(f) = g.

Let h = (x,y,x2).

1. h is not primitive.
Let p be a prime dividing = and vy, then p° | D = y° — 422z,
. e., p2 is a factor of D.



2. h is primitive.
h°=g. Let f=h"1 = (x,—y,z2). f will be on an ambiguous
cycle. We can find an ambigous form g by repeatedly applying
the p function, i.e., compute

o(£),0°(f), -, P (f) = g.

Theorem 8 There is an ambiguous from g in the cycle of f at
| =k/2.



Two problems with the above method:

1. Some ambiguous forms will correspond to a trivial factor of

n.

2. No guarantee to find a square form other than the identity.
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Solution to problem 1:
Trivial factors of n occurs when h lies in the priciple cycle itself.
T his implies that a? < v D, which occurs quite rare.

We can store these values and avoid them in the search.
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Problem 2 are more basic:
When the principle cycle is short, there may not be another
square form. For example, when n = (2k 4+ 1)? + 4, the length

of the cycle is 1.

T he solution is to work with many D'’s, which is a small multiple
of n. The chance of all the D’'s has short cycle is small.

Note that most implementation of the SQUFOF is a probabilistic
algorithm. It may fail to find a nontrivial factor of n.
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The SQUFOF Algorithim

input: n
output: a factor of n
algorithm:

If n is prime then return(1)
if n is a square then return(y/n)
ifn=1 (mod 4) then
D=n,d=|VD|, b= [(d-1)/2+ 1]
else
D=4n, d=|VD|, b=|d/2+1]
end
f=(a,b,c) = (1,b,(b°> — D)/4), Q=10
for:=1,2,... do
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f=(a,b,c) = p(a,b,c)
if |a| < |Vd| then Q = QU {|al}
if 2 is even then
if « = s° for some integer s Z @ then
if t =gcd(a,b, D) > 1 then
return ()
else
f = 1(a,b,c) = (s,—b, sc)
while f is not reduce do f = (a,b,c) = p(a,b,c)
do s=b; f = (a,b,c) = p(a,b,c) while s =b
if a is even then a = a/2
return(|al)
end
end
end
end
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